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Abstract. We derive the spectral curves for g-part double Hur- 
witz numbers, r-spin simple Hurwitz numbers, and arbitrary com- 
binations of these cases, from the analysis of the unstable (0, 1)- 
geometry. We quantize this family of spectral curves and obtain 
the Schrodinger equations for the partition function of the corre- 
sponding Hurwitz problems. We thus confirm the conjecture for 
the existence of quantum curves in these generalized Hurwitz num- 
ber cases. 



1. Introduction and the main results 

The purpose of this paper is to rigorously solve the conjecture of 
[H El El El EH] for the existence of the quantum curves for three series 
of infinitely many cases of generalized Hurwitz numbers. The semi- 
classical limit of these quantum curves recovers the spectral curves of 
the Eynard-Orantin integral recursion for each of these cases. Our 
main results, the concrete formulas for the spectral curves and their 
quantization, are presented in Table 1 and Table 2 below. 

1.1. Hurwitz numbers and Eynard-Orantin recursion. Simple 
Hurwitz numbers h g ^ enumerate genus g ramified covering of P 1 , with 
one special fiber over infinity, where the cyclic type of the monodromy 
is given by the sequence \i = (/ii, . . . , //g), and with m := 2g — 2 + £ + 

Y^i=i simple critical points. 

Hurwitz numbers play an important role in various areas of mathe- 
matics, such as combinatorics and representation theory of symmetric 
groups, integrable systems, and Hodge integrals over the moduli spaces 
of curves. One of the recent exciting developments on Hurwitz num- 
bers is the discovery of their relation to random matrix theory and 
related fields, in particular, to the Eynard-Orantin integral recursion 
formalism. 

The Eynard-Orantin recursion [13] is an effective algorithm to cal- 
culate various quantum invariants, such as closed and open Gromov- 
Witten invariants of toric target spaces and certain Hurwitz numbers. 
The formula calculates these invariants from rather small input data, 
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that consist of only a plane algebraic or analytic curve, called the spec- 
tral curve of the theory, and Riemann's normalized fundamental dif- 
ferential form of the second kind defined on the spectral curve. 

We learn from various physics literature [TJ El [7J |HJ E] that when the 
spectral curve has genus 0, it is conjectured that the following holds. 

• There exists a unique procedure to calculate the canonical prim- 
itive functions of the symmetric differential forms that are ob- 
tained by the Eynard-Orantin integral recursion. 

• The partition function of the theory, which is the exponential 
generating function of the principal specialization of these prim- 
itive functions, satisfies a holonomic system generated by a sin- 
gle stationary Schrodinger operator. 

• Moreover, the total symbol of the holonomic system defines a 
Lagrangian subvariety immersed into the cotangent bundle of 
C*, which is exactly the same as the realization of the spectral 
curve as a plane curve. 

• In other words, the spectral curve and its immersion as a La- 
grangian into the cotangent bundle are recovered from the semi- 
classical limit of the Schrodinger equation. 

In the physics literature cited above, this Schrodinger operator is 
called a quantum curve. It is the Weyl quantization of the defining 
equation of the spectral curve in the cotangent bungle. A mathematical 
proof of this conjecture for a few simple cases have been established in 

The generating functions of simple Hurwitz numbers satisfy the Ey- 
nard-Orantin integral recursion with the Lambert curve x = ye~ y as 
the spectral curve in the xy-plane. It was originally conjectured by 
Bouchard and Marino @], and mathematically proved in many different 
ways in [21 [121 E] ■ in [21] Zhou showed the existence of the quantum 
curve for the case of simple Hurwitz numbers, quantizing in a proper 
way the equation of the Lambert curve (see also [18J). 

1.2. Generalizations of Hurwitz numbers. In this paper we con- 
sider two different generalizations of the usual simple Hurwitz numbers. 
One of them is the double Hurwitz numbers that count the ramified 
coverings of P 1 with two special fibers. One of which has an arbitrary 
fixed cyclic type of monodromy \i = (yU 1; . . . , and the other has the 
cyclic type of monodromy equal to (q,q, . . . ,q). All other critical points 
are assumed to be simple. This type of Hurwitz numbers we call q- 
double Hurwitz numbers and denote by hb^.. There is a closed formula 
for these numbers in terms of the so-called Hurwitz-Hodge integrals, 
see [16]. For q = 1 we recover the usual simple Hurwitz numbers. 

Another generalization of simple Hurwitz numbers is the so-called r- 
spin Hurwitz numbers, denoted by /ip*. In this case we can intuitively 
think that we have an arbitrary fixed cyclic type of monodromy // at 
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a special fiber, but all other ramifications are completed (r + l)-cycles, 
instead of the usual simple critical points. These completed cycles can 
be naturally defined as certain special elements of the center of the 
group algebra of the symmetric group [17J. They also play a key role 
in the Gromov-Witten theory of P 1 [20] . There is a closed formula for 
these numbers in terms of the intersection theory of the moduli space 
of r-spin structures conjectured by Zvonkine [25J and proved in [22]. 
The geometric and algebraic definitions of these numbers are discussed 
in detail in [21], though in this paper we use a slightly different nor- 
malization. 

Finally we shall consider the mixed case of the above two general- 
izations. Geometrically, this is the case of two special fibers, where 
one has an arbitrary fixed monodromy, the other has the cyclic type 
of (q,q, . . . ,q), and all other ramifications are the completed (r + 1)- 
cycles. We call these numbers q-double r-spin Hurwitz numbers, and 
denote them by h™. 

1.3. Spectral curves. If we have a partition function Z that is the 
exponential generating function of the free energies, i.e., if Z has an 

expansion of the form Z = exp (^2™ =0 h 9 ^ 1 Y1T=\ Fg,l) > then a natural 
question is whether we can produce a spectral curve and the other 
input data of the Eynard-Orantin recursion procedure so that the £- 
point differential forms determined by the recursion would coincide 
with the exterior derivative d\ • • ■ diF g ^ of the free energies. 

We do not have any general answer to this question. If we can find 
the holonomic system satisfied by Z, then its semi-classical limit gives a 
spectral curve as a holomorphic Lagrangian subvariety. Another mech- 
anism was proposed in [10] . The idea is that the spectral curve can be 
obtained via the analysis of the (0, l)-geometry, that is, the spectral 
curve is the Riemann surface (the maximal domain of holomorphy) of 
the one variable function F Q) i. This mechanim works for many exam- 
ples, including simple Hurwitz numbers [TO] . 

We first examine this idea in the case of various generalizations of 
simple Hurwitz numbers described above. This way we obtain the 
following spectral curves. 



g-Double Hurwitz Numbers 


x = y 1 l q e~ v 


r-Spin Hurwitz Numbers 


x = ye~ y ' 


Mixed g-Double r-Spin Hurwitz Numbers 


x = y x l q e~ yr 



Table 1. Spectral Curves. 



We note that the spectral curve for the case of g-double Hurwitz 
numbers is recently proved in [31 [9]. The formula for the spectral curve 
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for r-spin Hurwitz numbers is proved in [22]. The mixed case is so far 
still conjectural. 

1.4. Schrodinger equations. The formulas for the spectral curves, 
even still conjectural for the most general case, give enough input to 
test the conjecture of the existence of the quantum curves, or the 
Schrodinger equation for the principle specialization of the partition 
function. We prove it in all three cases mentioned above, generalizing 
in this way the result of [21] on the simple Hurwitz numbers. 

It is worth mentioning that when we apply the Weyl quantization, 
we need to find the correct ordering of the operators. Our guiding 
principle is the straightforward application of the semi-infinite wedge 
product formalism of the various Hurwitz numbers. 

The main result of the quantum curves we establish are summarized 
in the following table. 



g-Double Hurwitz Numbers 


y — I e 2 v%e 2 v \ e qv 


r-Spin Hurwitz Numbers 


y — x 2 exp 1 ^ — - — 1 £ 2 


Mixed Hurwitz Numbers 





Table 2. Quantum Curves. 



Here the canonical quantization of the coordinate functions x and y 
are defined by 

{x = x 
v = Xx h 

reflecting the nature of the cotangent bundle T*(C*) and the holomor- 
phic tautological 1-form ydlogx on it. 

1.5. Organization of the paper. In Section 2 we collect the neces- 
sary background materials of the semi-infinite wedge formalism. After 
this preparation, in each of the following three sections we (a) define 
a particular generalization of Hurwitz numbers; (b) derive the formula 
for the principle specialization of their partition function; (c) identify 
the formula for the spectral curve; and (d) prove the existence of the 
quantum curve, or the stationary Schrodinger equation. The g-double 
Hurwitz numbers are studied in Section 3, the r-spin Hurwitz numbers 
in Section 4, and finally in Section 5 we prove the results for the mixed 
case. 

2. Infinite-wedge space 

In this section we sketch the theory of the semi-infinite wedge space. 
We will use it to express both the g-double Hurwitz numbers and the 
r-spin Hurwitz numbers (in fact, in this paper we use these expressions 
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as definitions) and to compute the corresponding spectral curves and 
their quantizations. Here we give just a quick reminder of these things; 
we refer to [T5J 1201 EE] for more detail. 

The infinite wedge space is defined in the following way. Let V be 
an infinite dimensional vector space with basis labelled by the half 
integers. Denote by i the basis vector labelled by i, so V = © ieZ+ i h 

Definition 2.1. Let c be an integer. An infinite wedge product of 
charge c is a formal expression 

(1) ziAz^A--- 

such that the sequence of half-integers i%,i2, ^3, • • • differs from the se- 
quence c— 1/2, c — 3/2, c — 5/2, ... in only a finite number of places. 

The charged infinite wedge space is the span of all infinite wedge 
products. The infinite wedge space is its zero charge subspace, that is, 
the span of all zero charge infinite wedge products. On both spaces we 
introduce the inner product (-, •) for which the vectors of the form ([1]) 
are orthonormal. 

Note that the infinite wedge space is spanned by the vectors 

(2) v x = Ai - 1/2 A A 2 - 3/2 A A 3 - 5/2 A . . . , 

where (Ai >A2>--->0>0>...)isa partition of any non-negative 
integer. 

The Hurwitz numbers will be expressed as so-called vacuum expec- 
tation values of some appropriate operators. 

Definition 2.2. The zero charge vector v% = —\ A— | A • • • is denoted 

by |0) and is called the vacuum vector. Its dual (0| with respect to 
the inner product is called the covacuum vector. If V is an operator 
on the infinite wedge space, we define its vacuum expectation value as 
(V)° = (0\V\0). 

Definition 2.3. Let k be any half integer. Then the operator is 
defined by : (ii A %i A • • • ) h-> (k A i\ f\ii A • • • ). This operator acts 
on the charged infinite wedge space and increases the charge by 1. 

The operator is defined to be the adjoint of the operator with 
respect to the inner product. 

The normally ordered products of ^/-operators are defined in the 
following way 

(3) :•,«:= B ' >0 

K 1 3 \-*J*< if J < . 

Note that the two expressions are equal unless i = j. Also note that 
the operator does not change the charge of an infinite wedge 

product, and can thus be viewed as an operator on the infinite wedge 
space. 
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Definition 2.4. Let n G Z be any integer. We define the so-called 
£ -operators £ n {z) and £ n (z) depending on a formal variable z by 

(4) £„(.) = ^ e *-i) : * t _„*; :+ _ 7 ^£_ 7J 

(5) = ^ e^-S):^^:. 

If n 7^ we denote by a n the operator 

(6) «»= X) 

Informally, the operator a n attempts to add n to every factor of an 
infinite wedge product and returns the sum of successful attempts. 

The vacuum expectation values of a product £ ai (zi) ■ ■ ■ £ an (z n ) of 
these operators with a* = are computed using the following facts. 

Proposition 2.5. We have 

(7) [£ k (w),£i(z)] = ((kz - lw)£ k+ i(z + w); 
in particular, 

(8) [£ k (0) 7 £ l (z)}=((kz)£ k+l (z) 
and, taking a limit as z — > 0, 

(9) [£ k {0),£ l {0)]=kS k+l>0 . 

Note that the proposition is still true when we replace any of the £- 
operators on the left-hand side by the corresponding £. 

Proposition 2.6. We have £ n (z)\0) = for n > 0, and (0\£ n (z) = 
for n < 0. We also have £q{z)\Q) = and {0\£ (z) = . 

The vacuum expectation value of a product of ^-operators is now 
computed by commuting the operators £ n (z) with negative n to the 
left using Proposition 12.51 Repeating this will lead to either a zero 
contribution by Proposition 12. 6[ or some product of operators of the 
form £q(z). The last can be calculated using 

(10) £o(^N = £73" v 0- 

At the end of the calculation, there can be either one or more £- 
operators in the vacuum expectation value. If there is one, this is 
called a connected contribution to the vacuum expectation value, oth- 
erwise it is a disconnected contribution. It turns out that the sum of 
connected contributions in well-defined (does not depend on the order 
in which we have computed the commutators); it is called the con- 
nected vacuum expectation value and denoted (•) (remember that the 
full vacuum expectation value was denoted (-)°. 
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3. g-DOUBLE HURWITZ NUMBERS 

In this section, we study q-double Hurwitz numbers. Their geometric 
definition was we mention in Introduction, is equivalent [T5| IT5] to the 
following one in terms of vacuum expectation values in the infinite 
wedge space. 

Definition 3.1. We define the g-double Hurwitz numbers as 

1 1(H) 





q s ■ s\ 

where s = \fi\/q is an integer, since is the degree of the covering, 
and m is the number of simple ramification points away from and oo; 
it is given by the Riemann-Hurwitz formula: 

(12) m = 2g - 2 + + s . 

Note that the Hurwitz numbers defined here differ slightly from those 
in [T5] in that we do not remember the ordering of the branch points 
over oo, reflected in the factor l/s\. Write 

(13) f#(pi,J*,...):= £ ^Pn'-P* 

fj,:l(n)=£ 

for the generating series of genus g, g-double Hurwitz numbers whose 
partition /i has i parts. The full generating series is given by 

(14) log^( Pl ,p 2 , . . . ; A) := J2 F ^(Pi,P2, ■ ■ -)^- 2+e 



ex P [it i^J ex P (M^oHa) exp 

3.1. Spectral curve from (0, 1) geometry. To find the spectral curve, 
we compute the (g,n) = (0, 1) part of the generating function 



d5) ^^^...^g^^.n^r-^ 

Using the commutation relations ([7]) to commute the operator a nq to 
the right, we obtain: 

(16) ^?(p)=£^*w. 

n=l 

We will abuse notation and write Fq'^x) = F^f (p)^.^ for the 
principal specialization of F^. 
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Remark 3.2. Suppose the generating function for these Hurwitz num- 
bers comes from a spectral curve in C 2 . Denote by x and y the coordi- 
nates on the two copies of C. Then by the topological recursion theory, 
the one-form uj 0i i(x) = dF f(x) should be equal to y(x)dx. Sometimes, 
it will be more natural to think of the spectral curve as living in C* x C 
or in (C*) 2 . In that case u 0j i(x) should be equal to y(x)— or log(y)^ 
respectively. 

We define an auxiliary function. Let W be the main branch of the 
Lambert function [5] . It has a power-series expansion around zero with 
radius of convergence of 1/e given by 



(17) W(z) = -J2 



n 

n=l 



and has the property that 
(18) W(z)e w(z) = z. 

Using this definition, we have 



(19) o; ,i(x) = dF#(x) = - £ ^(qxT- = -~W(-qx«)- , 

q z — ' n\ x q x 

n=l 

where the last equality is true as long as \x\ < (qe)" 1 ^. 

Therefore, Remark 13.21 leads us to think of the spectral curve S 1,q as 
living in C* x C, given by the equation 

(20) S 1 '": y = --W{-qx q ). 

Q 

which can be rewritten to get 

(21) - qx q = -qye- qy x = y 1/q e~ y . 

3.2. Principle specialization. Here we once again abuse notation 
and write 

(22) Z^( X] X) :=Z^(p;X)\ Pi ^ xi 

for the principal specialization of Z l,q . 

Let s CT (p) be the Schur function corresponding to a partition a, which 
is given as the following vacuum expectation value in the infinite wedge 
space 



(23) s a (p) 



exp 



oo 

CtiPi 



E 



i 

. i=0 



It is a standard fact in the theory of Schur functions that its principal 
specialization is given by 

„ s , \ x l if a — (I, 0, . . .) for some I 

(24) s a (p)\ p ^ xl = \ ) 

otherwise . 



SCHRODINGER EQUATION OF HURWITZ NUMBERS 9 

Using this it is easy to see that the principal specialization of Z 1,q is 
given by 

To find an operator that annihilates this power-series, we proceed as 
follows. Denote the ith summand in Z 1 ' q (x; A) by a^. 



x 



iq 



(26) a — ^ ex H A 2 
Then 

(27) = - A^ 3 ^) 
{ ' en (i + l)Xq 

which implies that the coefficients of Z x ' q [x\ A) are related by 

(28) Xq(i + l)a i+1 = (xe^J 
In terms of operators, this can be rewritten as 

(29) Xx d~x~ a ' l+1 ~ ( xeX ^y e9Xx ^ a m = 0, 
which implies that the operator 

(30) \x^- - (xe x3 ^y e qXx ^ 
annihilates Z 1,q (x\ A). 

3.3. Quantization. We show that the operator that annihilates the 
principle specialization of Z l,q can be obtained as a quantization of the 
equation of the spectral curve S 1,q . 

The spectral curve S 1,q is defined in C* x C, where the symplectic 
form is Ad(log(rc)) A dy, so we have the following rules of quantization: 



x = x- 

y ^dftogfa;)) ^^dx 



(31) 

^d(iog(x)) 

In order to have the right ordering, we rewrite the equation for S 1,q 
as follows: 

(32) S 1 ' 9 : y - (e^xe' 3 ^^ " e qy = 0. 

Theorem 3.3. Quantization of the equation of S l,q in this form anni- 
hilates Z 1 ' q (x 1 A). 

Proof. Indeed, direct computation implies that 

(33) y - (e^xe-^Y = \x^- - (xe x *^y e qXx ^ , 

and we have seen in the previous section that this operator annihilates 
Z^ q (x,X). □ 
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We see that g-double Hurwitz numbers are an example of a theory 
obeying a Schrodinger-like equation with respect to the quantization 
of the spectral curve as expected by [H], but contrary to the previous 
known cases JTSJ El] we have to take a non-trivial ordering of the 
operators to obtain this result. 

4. r-SpiN Hurwitz numbers 

In this section, we look at the r-spin single Hurwitz numbers. They 
can be defined as vacuum expectation values in the infinite wedge space 
in the following way. 

Definition 4.1. We define the r-spin Hurwitz numbers as 
/J 00 

( 34 ) ^i : =(n— ■ (i^ft 

\i=l r* 

where m is the number of ramification points other than 0, which is 
given by the Riemann-Hurwitz formula: 

(35) m= 2 i -2 + m + M 




r 

Note that for r = 1, this definition reduces to the definition of ordi- 
nary single Hurwitz numbers. Note also that there are different conven- 
tions on the coefficient of [w r+1 ]£o(w) in different sources; in particular, 
a different convention is used in [2l~] . 

Similar to to previous section, we denote by FJ'^(p) the generating 



function for genus g, r-spin Hurwitz numbers hg'„ whose partition fi 



. i -^\>m i j i Li \\ 1 1 z, i n urn m m > 

has t parts. That is, 

( 36 ) F g}(v) : = Yl KiP^-'-P^ 

At: J( M )=I 

For the full generating function Z r > 1 we then have 

(37) log^(p,A):= Tf; : 1( P )\^ 




exp ( S ~§f ) exp ( r! K +1 ]^o(w)A r j exp(a_i) 



4.1. Spectral curve from (0, 1) geometry. To find the spectral curve, 
we compute the (g,n) = (0, 1) part of the generating function. Com- 
muting the operator ad responsible for the total ramification over 
in (|37|) to the right, we obtain 



(38) Ki<V) = ^ n ' ' 



n=0 



'Prn+1 ■ 
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Applying the principal specialization, this means that 
(39) F-±( x ) = jr {rn + l r ~ 2 x™ + i i 



ni 

n=0 



which leads to 



(40) u 0A (x) = dF$ = jr (m + . 1)n ' 1 x TO+1 - 



nl x 

n=0 



We use the following formula from [5]: 

(41 ) (my = ±^± 



x / * — ' nl 

n=0 



to express the right hand side of Equation (1401) in a more convenient 
way. That is 



(42) £^f^™ +1 = *£ 



rx r ) n 



nl * — ' nl 

n=0 n=0 

W(-rx r )\ 1/r W{-rx r ) 1 l r 



-rx r J (— r) l l r 

Thus, by Remark l3.2l we arrive at the following equation for the spectral 
curve S r > 1 in C* x C: 

(43) S r ' L : y = ( — J <^> x = ye y . 

4.2. Principle specialization. Once again we look at the principal 
specialization of the full generating function 

(44) Z r > l (x;\) = Z r ' l (x;\)\ Pi ^ 

„d / (A l\r+l I \\r+\- 



d=0 

We define a d to be the dth summand this expression. The quotient 
of dd+i and a d is given by 

(45) ezL-'^fyV+ir'-v-ir* 



a d A(d+1) V r + 1 

which is equivalent to 

(46) (d+ l)Xa d+1 =xe W ( A r ( d + + 1 ~ ( d ~ D"* 1 ) a d . 



r + 1 

To get this into a more convenient form to compare later on with 
quantization, we define an operator 

47 ^:=x2exp — ^ a:" a. 

r + 1 
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Observe that 

(48) Ax n = exp f V(n + i)*(n - ) x n+1 



exp ( ^((n + ^ +1 -(n-^ +1 ))x^ 
Thus, equation implies that 

(49) (Xx^--A)Z r ' l (x;X) = 0. 

4.3. Quantization. We show that the operator that annihilates the 
principle specialization of Z r>1 can be obtained as a quantization of the 
equation of the spectral curve S r,x . 

We can rewrite the equation of the spectral curve (j4"3l as 

(50) ST' 1 : y - s§ exp ^=0^^'^ x -\ = , 

Theorem 4.2. Quantization of the equation of S r ' 1 in this form anni- 
hilates Z r,1 (x, A). 



Proof. Indeed, apllying the standard quantization (l3~Tj) to Equation (|5"0|) 

' da; 



we obtain the operator Xx 4 — A. □ 



5. Mixed case 

In this section we provide a slight generalization of the previous two 
sections, were we look at r-spin g-double Hurwitz numbers h™. Since 
the computations are basically the same as in the previous two sections, 
we just give the main formulas. Note that for r = 1 this reduces to 
the computations of Section [3j and for q = 1 this reduces to those of 
Section 111 

These Hurwitz numbers are given as vacuum expectation values by: 



Here the degree of the covering is given by d — ~Y^i=x M» = I s '■> an d the 
Riemann-Hurwitz formula reads 2g — 2 + = mr — s. 
The full generating function is given by 

(52) log^(p; A) = A^^W • • - Pnw 

9,1* 

ex P (E ^) ex P ( r! K +1 l4(»)Aj exp (^i) 
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and the (0, l)-function is given by 



OG 



(53) F 0A (x) = qJ2 



((nr + l)q) n -\ (nr+1)Q 

n=0 



This leads to the following spectral curve: 

(54) S: x = y 1/q e- yr , 
which means that 

(55) y = - f-^Y Wi-rqx^) 1 -, 

where W is the standard Lambert function. 

The principal specialization (pi (->■ x l ) of Z r,q is given by 

(56) Z r ' q (x, A) = Y -^—e^ n -^ r+1 -^ r+1 ), 
v ' K ' ^ \ n q n n\ 

n=0 ^ 

which is annihilated by the operator 

(57) \x— - ^eAK-^^Hrz-Va 

ax 

This operator dequantizes to y — x q exp(qy r ), which is equivalent to 
the equation (154")) of the spectral curve S r,q computed from the (0, 1)- 
geometry. 

Furthermore, one sees immediately that under the specializations 
(r, q) = (1, q) and (r, 1) we recover all the formulas we had in Sections [3] 
andU 
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